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Abstract. By the present paper, an analytical model was developed to study the cracked 
FRP-strengthened reinforced concrete beams subjected to fatigue loading. In order to follow 
the distribution of interfacial shear stresses causing the debonding phenomenon, a new 
analytical model based on the cohesive zone (CZ) approach was developed. The present 
model has the possibility to describe the evolution of the shear stress in the three zones 
(elastic, microcrack and debonding) and the bearing capacity of the repaired structure. 
Interface damage scenarios were evaluated for a fatigue load estimated to 90% of the elastic 
load and another at 60% of the ultimate load Pu.  Results obtained are in good agreement 
with those given by the literature. The results showed that the shear strength developed by 
the repaired beam is sensitive to the variation of the mechanical properties (Concrete, FRP 
and Adhesive layer), the fatigue load ratio and the number of cycles. These parameters can 
be considered as indicators of damage affecting the health status of the structure repaired 
during fatigue. The debonding at the FRP-concrete interface noticeably reduced the strength 
and lifespan of the repaired structure.   
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1. Introduction 

In order to preserve the existing structures and not to resort to the manufacture of new buildings, 
the recourse to the repair of constructions degraded by their aging, proves to be an effective 
solution. For this reason, new and innovative methods must therefore be developed, including the 
technique of rehabilitation of structures by adding bonded composite reinforcements. This 
technique constitutes a rapid and economical solution for consulting engineers to a growing need 
for repairing aging or damaged structures. However, and despite the many advantages offered by 
composite materials (a good resistance in terms of service life of RC structures reinforced under 
cyclic loading), their adaptations to reinforcement applications reveal many problems, (Wu et al., 
2003; Diab et al., 2009). The major problem in this technique is the debonding of the material edge 
by fatigue or creep loads caused by the sliding between the FRP plate and the concrete beam. This 
phenomenon creates the great interface shear stresses developed during this loading. In this 
context, several authors have proposed an analytical method to solve static and dynamic 
separation problems in FRP reinforced concrete beams (Tounsi, 2006; Wang, 2006; Bennegadi et 
al., 2016; Houachine et al., 2022). Among the tools most used in the literature to study the fatigue 
behavior of adhesively bonded joints in structural applications is the cohesive zone model (CZM) 
approach (Rezazadeh and Carvelli, 2018; Ghovanlou et al., 2014). This model relates the stresses to 
the displacement through an interface where the crack can be created. 

In order to identify the problem of the cracks propagation at the interface, (Hadjazi et al., 2012 and 
2016) have developed an analytical model to describe the behavior of the FRP-to-concrete bonded 
interfaces during the short and long term. (Wahab et al., 2012; Wahab et al., 2015) proposed an 
analytical model to predict the interfacial stress distribution and the fatigue life of RC beams 
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strengthened with FRP plate under fatigue loads. In recent years, the application of the CZM has 
been extended to fatigue damage evolution analysis in the repair applications especially at FRP-to-
concrete bonded interface. In this purpose, damage parameters are introduced into the CZM to 
quantify the degradation of the interfacial stiffness and strength under cyclic loading (Xinyan et al., 
2019; Johar et al., 2014). (Roe and Siegmund, 2003) used the damage mechanics concept into the 
CZM and developed a damage evolution model. (Xuan and Vormwald, 2013) proposed a CZM to 
describe the fatigue damage process. For fatigue models applied to structures reinforced with 
prestressed FRPs, (Oudah and El-Hacha, 2013) presented a model taking into account the 
degradation of material properties (concrete and epoxy-concrete) under cyclic loading. (Chen and 
Cheng, 2016) developed an analytical model to evaluate the shear stresses distribution of the FRP-
concrete interface under fatigue load. Based on the above papers, the present study aims to 
estimate the behavior of cracked FRP-strengthened reinforced concrete beams under cyclic loads. 
The purpose of this work is to highlight an analytical model that addresses the interface problems 
between the cracked concrete beam repaired by a composite plate under fatigue load using CZM. 
The proposed model gives the shear stresses distribution in three zones (elastic, microcrack, 
debonding zone) near the crack and the bearing capacity of the repaired structure. A fatigue life 
prediction was also presented to capture the fatigue life of reinforced concrete (RC) structures. 
Finally, a parametric study was carried out to test the sensitivity of our model to the variation in 
the number of cycles and load level on the fatigue behavior of FRP-to-concrete interface.  

2. CZM for fatigue life prediction of RC beam strengthened with FRP 

2.1 Performance degradation of concrete under fatigue loading 

Under cyclic loading, the elastic modulus of concrete beam decrease versus the loading cycle 
number. Due to the internal damage accumulation of concrete, several research (Xinyan et al., 
2019; Sherif et al., 2001) showed that the elastic modulus of concrete (E1,N) varied continuously 
under the effect of the fatigue load. This variation is given by: 

1, 11 0.33N

f

N
E E

N

 
  
 
 

                                                                     (1) 

Where, E1 is the initial Young's modulus of the concrete beam, N is the number of cycles and Nf is 
the number of accumulated load cycles to concrete failure. In addition, the maximum compressive 
stress of concrete (σci) can be given by (Wu, 2003): 

0.9885 0.0618 lgci c c ff f N                                                        (2) 

Where, fc is the uniaxial compressive strength. 

2.2. Performance degradation of FRP plate under fatigue loading 

In order to evaluate the fatigue degradation of the FRP plate mechanical properties, (Bigaud and 
Ali, 2014) proposed a simplified expression to predict the effective elasticity modulus of the FRP 
plate versus the number of cycles N, as follows: 

2 2 10( ) (1 0.071 log ( ))E N E N                                                           (3) 

With, E2 is the initial Young's modulus of the FRP plate. 

2.3. Performance degradation of the interface under fatigue loading 

The cumulative damage of FRP-to-concrete interface during the fatigue process is quantified in 
terms of a damage parameter. The fatigue damage accumulation of the interface was defined by, 
(Johar et al., 2014):  

1 bD N
cyc

                                                                     (4) 
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From (Johar et al., 2014), the degradation of initial elastic stiffness at the interface, KN, can be 
estimated by:  

 0 1N N

cycK K D                                                               (5) 

Where, KN=0 is the interface stiffness during the loading process at N=0.  b is a constant determined 
experimentally. 

3. Analytical CZM for fatigue behavior 

To evaluate the accuracy of the proposed model, a simply supported concrete beam, cracked at 
mid-span and strengthened by a composite material, was analyzed. The retrofitted beam is made 
by: concrete, adhesive layer and FRP reinforcement. The concrete beam strengthened by FRP plate 
is subjected to fatigue three point loads with a flexural pre-crack at mid-span (Figure 1, a). 
The geometry of the plated beam is similar to that proposed by (Wang, 2006; and Wang and Zhang, 
2008; Hadjazi et al., 2016). The subscripts 1 and 2 denote the concrete beam and the FRP plate, 
respectively. 
 

 

 

 

 

 

 

 

 

 

Fig 1. Composite-plate RC beam with a mid-span crack. 

Figure 1, c, shows a section of the forces in infinitesimal element of a FRP-plated reinforced 
concrete (RC) beam. In this Figure Q, N and M are the shear force, the horizontal axial force and 
couple moment, respectively. 
Using elasticity laws, the axial forces Ni and bending moments Mi for these two beams (i = 1, 2) 
read: 
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                                                                  (6) 

Where ui and wi are the axial and vertical displacements of beam i (i = 1, 2), respectively. 
Ai=bihi, Ei,N, bi, hi and Ii are cross section of beam i, Young’s modulus of beam i , width and height of 
beam i and the moment of inertia of the beam i (i = 1, 2) , respectively 
Considering a typical infinitesimal isolated body as shown in Figure 1,c, the equilibrium equations 
on axial direction and bending moment are given by: 

1
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                                                                             (7) 
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τ is the interface shear stress. Y1 and Y2 are the distances from the bottom of adherent 1 and the top 
of adherent 2 to their centroids respectively. 
If the depth of the crack is known, the rotational stiffness of the spring Kr is given as (Paipetis and 
Dimarogonas, 1986): 

  1 1 1, 1,r NK c a h E I                                                                   (10) 

Where a1 is the depth of the crack, For a1 < 0.6h1, c(a1, h1) is given by (Paipetis and Dimarogonas, 
1986). 

Base on the concept of CZM in static loading, a new concept of the CZM is presented for a fatigue 
cyclic loading. The analytical model is based on the progressive degradation of CZM parameters of 
concrete and FRP plate as the number of cycles increased until the debonding initiates and grows 
along the interface FRP-concrete. For that, a bilinear traction-separation law is supposed for 
simplicity to adequately describe the cohesive behavior of the adhesive joint interface and the 
fatigue behavior of RC beam strengthened by FRP. From Figure 2, All CZM parameters are expected 
to degrade under cyclic loading. 

 

Fig 2. Cyclic degradation of FRP-concrete interface, (Johar et al., 2014). 

The use of the CZM (Figure 2) aims to analyze the separation of the interface and to determine the 
bearing capacity of the beam repaired by a nonlinear method.  Therefore, during the loading phase, 
the nonlinear relationship (Dai et al., 2005; Attari et al., 2010) adopted can be described by the 
following equations set: 
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Where, N

f   and δf are the interfacial bond strength and the separation slip for the fatigue loading. 

The separation of the interface δ in the shear directions under cyclic loading is given by (Wang, 

2006; Hadjazi et al., 2012):  

1 2
1 1 2 2

w w
u Y u Y

x x


 
   

 
                                                          (12) 

As the number of cycles increased, the slip along the interface δ, become: 
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1N N                                                                             (13) 

Where δN and δN+1 are the slip along the interface under fatigue loading at N and N+1 cycle, 
respectively. 

The area under the traction-relative displacement curve is the fracture energy N

cG  written as: 

1

2

N N

c f fG                                                                           (14) 

Using the CZM, the fatigue behavior of concrete beams reinforced by FRP plate for these three 
stages is given as follows. 

3.1. Elastic zone 

In this zone, the distribution of interfacial shear stresses is given by substituting Eq. (12) into the 
first equation of Eq. (11). 
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Substituting Eq. (6) into Eq. (15), we have:  
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According to the literature (Hadjazi et al., 2012; Rasheed and Pervaiz, 2002), the FRP plate and the 
concrete beam have the same curvature, i.e. 
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                                                                        (17) 

Substituting Eq. (17) and Eq. (6) into Eq. (9), Eq. (16) becomes: 
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               (18) 

Differentiating both sides of Eq. (18) and considering equilibrium Eqs. (7)–(8) we obtain: 
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With: 1 2N N 
       and 

1/N N

fK    

The differential equation of the second order (19) takes the solution: 
1 1x x
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τc: is the particular solution, where: 
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When x is sufficient large, shear stress is limited and converges to its particular solution τc so B=0, 
(Wang and Qiao, 2004). To determine the value of A, displacement boundary condition at x = 0 is 
used. The corresponding slip δ along the interface in elastic stage can be easily obtained by 
substituting Eq. (20) into the first equation of Eq. (11). 
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3.2. Elastic-Microcrack zone 

For loading and unloading conditions, the substrates deform.  A part of the interface begins to 
soften and two regions along the interface are formed:  
a) In the linearly elastic region (N1), the solution of shear stress has the same form as in Eq. 
(20) with the same condition of B1 = 0. 
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The coefficient A1 is obtained by the following boundary condition at x = a1. From the Eq. 11 and Eq. 
(23), the slip δ along the interface for this region is given by: 
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Where a1 is the length of the microcrack zone. The coefficient A1 is obtained by the following 
boundary condition at x = a1 : 

1

N
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                                                                          (25) 

b) In the microcrack zone (1Nf), the second bond-slip relation expression of Eq. (11) and 
Eqs. (6), (12) and (17) becomes: 
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The differential equation of the second order (26) takes the solution: 

2 1 2 1cos( ( )) sin( ( )) CC x a D x a                                         (27) 

From Eqs. (11) and (27), the corresponding slip δ along the interface for this region is given by : 
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Where:                                                                  2 2

NC K                                                                            (29) 

The coefficients C and D are determined by continuous conditions at x = a1.  

As the number of cycles increased, the material is damaged gradually until the debonding at the 
FRP-concrete interface. 
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3.3. Elastic, microcrack and debonding zone  

In this section the three stages, elastic, microcrack and debonding zone are considered. The shear 
stress for each stage is given by: 

 Elastic zone:                                                 1 ( )

1
ux d a

cAe
   

                                                           (30) 

 Microcrack zone:           
2 2cos( ( )) sin( ( ))u u CC x d a D x d a                                           (31) 

 Debonding zone:                                                    0                                                                               (32) 

4. Results and discussion 

In the present section, results are presented and discussed in terms of stress distribution in the 
interface, progressive interface damage accumulation and bearing capacity of repaired structure.  
For all applications, mechanical and geometrical characteristics given in Tables 1 and 2 are the 
same as those used by (Hadjazi et al., 2016; Wu, 2003). 

Table1: Mechanical properties of FRP plate-concrete for N=0. 

E1 
[GPa] 

E2 
[GPa] 

f N=0 
[MPa] 

KN=0 
[MPa/mm] 

Gf
N=0 

[N/mm] 
fc 

[MPa] 

25 230 1.8 160 0.5  20-80  

Table2: Geometrical properties of FRP plate-concrete. 

L 
[mm] 

L1 
[mm] 

h1 
[mm] 

h2 
[mm] 

ha 
[mm] 

b1 
[mm] 

b2 
[mm] 

ba 
[mm] 

c(a1, h1) 

750 700 150 0.11 0.1 100 100 100 0.0001167 

The FRP-strengthened reinforced concrete beams was subjected to repeated fatigue loading, with 
constant amplitude. Figure 3 shows the cyclic loading with a positive stress ratio.  

 

Fig 3. Loading and unloading condition 

To provide the fatigue resistance of the repaired concrete beam, the evolution of shear stress at the 
adhesive interface throughout the applied fatigue cycles is illustrated in Figure 4. Under fatigue 
loading, the evolution of shear stress is caused by both degradation of concrete beam and the FRP 
plate. Near the flexural crack tip, the increase of fatigue cycles has a significant effect on shear 
stress evolution, particularly at the microcrack zone until full debonding initiates (at N≈106 cycles). 
We deduced that, the increase in the fatigue cycles affect significantly the distribution of shear 
stress along the interface between FRP and concrete and debonding growth. 
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Fig 4. Fatigue load-interfacial shear stress.  

Figure 5, examines the effect of cycles number (at failure) on the externally applied load evolution 
against the bond slip. It is clearly visible that an increase in the number of cycles generates a 
reduction in the fatigue capacity of the FRP-concrete bond. This reduction is caused by the 
degradation of the mechanical performance of the concrete/FRP plate. For fatigue loads close 24% 
of the ultimate static capacity, FRP reinforced concrete beams often yield to 106 cycles. So, it is 
possible to predict the fatigue life of our repaired structure depending on the load level. 
Both Figures 6 and 7 represent the bond slip curves of FRP-plate concrete beam for two load ratios 
(R = Pmin/Pmax). The R lower limit was set to 60% of Pe and 30% of Pu,  (R=0.5). But, the R upper 
limit was set to 90% of Pe and 60% of Pu of the static bond capacity (R=0.66). Where Pe is the 
maximum value of static load applied to the beam without causing softening in the FRP-concrete 
interface and Pu is the ultimate static load (Hadjazi et al., 2012), respectively. From both Figures, 
we noticed that the variation of R changes remarkably the fatigue behavior of FRP-concrete 
interface. 
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Fig 5. Fatigue response of interfacial bond slip. 

After a series of N cycles (Figure 6), the bond slip at the interface is not reached because the 
interface still remains in the elastic zone. From Figure 7, interface damage progression can be 
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separated into three stages; cracks initiation, damage accumulation and debonding stage. This 
damage development results from the degradation of the strength and the rigidity of the interface 
CFRP-concrete (3,5 104 cycles). In this regard, cyclic loading and R have the significant effects on 
the bond between FRP materials and concrete. This causes a reduction in bond strength and an 
acceleration of bond deterioration as the cycle number increases. 
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Fig 6. Fatigue response of interfacial bond slip for a 
loading ratio R = 0.66 

Fig 7. Fatigue response of interfacial bond slip for a 
loading ratio R = 0.5 
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Fig 8. Curves of displacement-cycles under different loading level 

The relationships between the displacement (slip) and the number of loading cycles for cracked 
FRP-strengthened reinforced concrete beams with different loading levels are presented in Figure 
8. From this Figure, it's clearly visible that the fatigue behavior of the interface can be divided into 
three stages: the fast propagation, the stable propagation and the unstable propagation stage. In all 
three stages, the initiation and rupture time is very short. The stable propagation stage accounts 
for approximately 95% of the total fatigue life. It can also be seen that a higher load level causes 
greater damage. Moreover, the service life of the retrofitted beam decreases with increasing 
loading level.  
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5. Conclusion 

An analytical model based on the cohesive zone approach has been developed to predict the 
fatigue life of FRP strengthened RC beam. The model considers the degradation of the concrete, 
interface and FRP plate. This study predicted the fatigue life, interfacial shear stresses distribution, 
and load-bearing capacity of FRP-repaired reinforced concrete beams. Based on the results, the 
following conclusions were drawn: 
 The model is able to capture the evolution of interfacial shear stresses with increasing load 

cycles, and the number of load cycles to failure. 
 The cumulative damage of the interface increases with the number of loading cycles. 
 The cumulative damage growth rate of the interface became important with the increase of load 

level. 
 The service life and the bearing capacity of cracked FRP-strengthened reinforced concrete 

beams decreases as the cyclic loading and load frequency increases. This decrease takes place 
due to the losses in the resistance and rigidity of the component materials. 
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